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The generic form of spacetime dynamics as a classical gauge field theory has recently been derived,
based on only the action principle and on the Principle of General Relativity. It was thus shown that
Einstein’s General Relativity is the special case where (i) the Hilbert Lagrangian (essentially the Ricci
scalar) is supposed to describe the dynamics of the “free” (uncoupled) gravitational field, and (ii) the
energy-momentum tensor is that of scalar fields representing real or complex structureless (spin-0)
particles. It followed that all other source fields—such as vector fields representing massive and non-
massive spin-1 particles—need careful scrutiny of the appropriate source tensor. This is the subject
of our actual paper: we discuss in detail the coupling of the gravitational field with (i) a massive
complex scalar field, (ii) a massive real vector field, and (iii) a massless vector field. We show that
different couplings emerge for massive and non-massive vector fields. The massive vector field has
the canonical energy-momentum tensor as the appropriate source term—which embraces also the
energy density furnished by the internal spin. In this case, the vector fields are shown to generate a
torsion of spacetime. In contrast, the system of a massless and charged vector field is associated with
the metric (Hilbert) energy-momentum tensor due to its additional U(1) symmetry. Moreover, such
vector fields do not generate a torsion of spacetime. The respective sources of gravitation apply for all
models of the dynamics of the “free” (uncoupled) gravitational field—which do not follow from the
gauge formalism but must be specified based on separate physical reasoning.
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1. Introduction
A recent publication [1] (see also a) presented the formalism of extended canonical trans-
formations in the realm of covariant Hamiltonian field theory [4–8]. This enables the de-
scription of canonical transformations of classical fields under general mappings of the
spacetime geometry along the well-established procedures of gauge transformations, dat-
ing back to H. Weyl [9] andW. Fock [10]. It generalizes the canonical gauge formalism un-
der a static spacetime background, which was worked out earlier in Refs. [8,11,12]. Here,
the gauge formalismmeans the generalization of a Lorentz-covariance to a diffeomorphism
covariance by introducing appropriate gauge fields. This corresponds to the transition from
special relativity to general relativity. The gauge fields turned out to be given by the con-
nection coefficients of the spacetime manifold, which contain the complete information
on the spacetime curvature and torsion. With the metric and the connection emerging as
independent field variables, the canonical gauge theory naturally implements the Palatini
formulation [13] of General Relativity. With the canonical conjugate fields of the metric
and the connection, no additional dynamical quantities need to be introduced ad hoc as is
done in the Lagrangian formulation of Utiyama [14], Kibble [15], and Sciama [16].
The canonical gauge formalism has been applied [1] to a generic dynamical system of
scalar and vector fields in curvilinear spacetime including non-metricity and torsion. The
initially Lorentz-invariant integrand of the action functional has been gauged into a proper
(world) scalar density, hence into an invariant under a dynamical spacetime geometry. It is
shown in the following that two cases of invariant action functionals must be distinguished:
• If the respective field only couples to the metric, then the metric (Hilbert) energy-
momentum tensor is the appropriate source term for the spacetime dynamics.
• If the field couples to both the metric and the connection, then the metric energy-
momentum tensor is no longer appropriate. For the case of the Proca system,
we show that the canonical energy-momentum tensor then provides the correct
source of the spacetime dynamics.
As common to all gauge theories, the Hamiltonian describing the dynamics of the “free”
gauge field, i.e., its dynamics in the absence of any coupling, must be inserted “by hand”.
In the Hamiltonian representation of U(1) and Yang-Mills gauge theories [8], the dynamics
of the “free” gauge field is described by a gauge-invariant term which is quadratic in the
canonical momenta of the gauge fields. For the actual case of the free gravitational field,
a Hamiltonian has been proposed [1], which is—at most—quadratic in the canonical mo-
mentum tensor of the gauge field—in analogy to the field theories mentioned above. This
quadratic momentum term is actually required in order for the correlation of the momenta
to the spacetime derivatives of the gauge field to be uniquely determined. It can be regarded
as a correction term to the Einstein tensor.
The actual paper develops the physical implications of the covariant canonical gauge
aPrevious attempts to set up a canonical transformation formalism for a dynamical spacetime in the realm of
classical field theory were published in Refs. [2], [3], and [4]. Those works are superseded by Ref. [1].
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theory of gravitation, presented in our previous paper [1]. In Sect. 2, a brief review of
its results is outlined. We proceed with the restriction of the obtained field equations to
metric compatibility, hence to a covariantly constant metric. By means of two examples,
namely the Klein-Gordon and the Proca system, we demonstrate the consequences of the
different couplings of scalar and vector fields with spacetime. The gauge formalism will
be shown to uniquely determine the appropriate energy-momentum tensor which acts as
the source term for the field equation of gravitation. This is a critical issue of the theory:
as the energy-momentum tensor enters directly into the field equations, it is not admissible
to add a zero-divergence term to the source term—as is done, for instance, by applying the
Belinfante-Rosenfeld symmetrizationmethod [17,18] of the energy-momentum tensor. We
will show that for general vector particle fields, the canonical energy-momentum tensor
provides the appropriate source term for the dynamics of the spacetime geometry—even if
we neglect torsion. In contrast to Einstein’s general relativity, the spin-1 field acts also as a
source for torsion of spacetime. This coupling of spin and torsion is described by a Poisson-
type equation, which is why the torsion can propagate along with the gravitational wave.
Hence, for vector particle fields, we encounter from gauge theory a different coupling of
the source field and spacetime as from Einstein’s theory. It is thus also critical for certain
astrophysical considerations. Hence, compact astrophysical objects, like neutron stars and
binary neutron star mergers must be reinvestigated with the appropriate canonical energy-
momentum terms for the vector repulsion effective field theory (EFT). A similar conclusion
does also hold for fermions, both for protons and electrons, as well as for neutrinos, both in
white dwarfs, neutron stars and in “ultra high energy cosmic ray” (UHECR) events. This
will be published by the authors in a forthcoming paper.
We then discuss in Sect. 3 a system of a complex scalar field which couples minimally
to a massless vector field. Such a system is commonly referred to as a U(1) gauge theory.
We work out the canonical gauge theory of gravity for such a system with U(1) symmetry.
It is shown that the resulting system with U(1)×Diff(M) symmetry has the metric (Hilbert)
energy-momentum tensor as the source of gravity—just as the in case of scalar fields.
Moreover, it turns out that the vector (Maxwell) field does not act as a source for a torsion
of spacetime in this case. This also applies for the gauge vector bosons of SU(N) (Yang-
Mills) gauge theories [19].
Finally, the implications of the modified theory on the description of neutron star and
black hole mergers are discussed in the Conclusions (Sect. 4).
2. The field equations of canonical gauge theory of gravity
2.1. Action functionals invariant under the Diff(M) gauge group
The dynamics of systems of complex scalar fields φ and real vector fields aν in
a Minkowski spacetime background—with their respective conjugates, p˜iµ and p˜νµ—
are described in the covariant Hamiltonian formalism by a Hamiltonian scalar density
H˜0(φ,φ∗, p˜iµ, p˜i∗µ,aν, p˜νµ,gµν). The particular canonical field equations follow from the vari-
May 28, 2019 2:32 WSPC/INSTRUCTION FILE chgf6
4 J. Struckmeier et al.
ation of the action
S =
∫
R
∂φ
∗
∂xβ
p˜iβ+ p˜i∗β
∂φ
∂xβ
+ p˜αβ
∂aα
∂xβ
+ k˜αλβ
∂gαλ
∂xβ
+ q˜
αξβ
η
∂γ
η
αξ
∂xβ
−H˜0
 d4x. (1)
Herein, p˜iβ = piβ
√−g and p˜αβ = pαβ √−g denote tensor densities formed from the (ab-
solute) canonical momentum tensors, piβ and pαβ, and the determinant, g = det(gµν), of
the system’s covariant metric. Accordingly, H˜0 =H0√−g denotes the scalar Hamiltonian
density constructed from the ordinary scalar HamiltonianH0. This ensures that the action
functional is invariant under arbitrary coordinate transformations.
A closed description of the coupled dynamics of fields and spacetime geometry has
been derived in Ref. [1], where the gauge formalism yields, on the basis of Eq. (1), the
amended covariant action functional
S =
∫
R
(
∂φ∗
∂xβ
p˜iβ+ p˜i∗β
∂φ
∂xβ
+ p˜αβ aα;β+ k˜
αλβ gαλ;β− 12 q˜
αξβ
η R
η
αξβ
−H˜Dyn−H˜0
)
d4x. (2)
Here R
η
αξβ
denotes the Riemann-Christoffel curvature tensor
R
η
αξβ
=
∂γ
η
αβ
∂xξ
−
∂γ
η
αξ
∂xβ
+γταβγ
η
τξ
−γταξγητβ, (3)
which is an abbreviation of this particular combination of the gauge fields γ
ξ
αβ
and their
spacetime derivatives. The tensor densities k˜αλβ and q˜
αξβ
η denote the canonical momenta
of the metric gαλ and of the connection coefficient γ
η
αξ
, respectively. From Eq. (2) we
conclude that k˜αλβ must be symmetric in α and λ while q˜
αξβ
η must be skew-symmetric in
ξ and β as only those parts contribute to the action. The canonical gauge procedure indeed
reproduces the usual minimal coupling substitution, which converts the partial derivatives
of tensors into covariant derivatives—with one important exception: here, the place of
the (nonexistent) covariant derivative of the connection coefficient is taken over by the
Riemann tensor. As common to all gauge theories, a “dynamics Hamiltonian”, HDyn =
HDyn( k˜αλβ, q˜ αξβη ,gµν), describing the “free kinetics” of the metric and the gauge fields,
must be added to the action integrand “by hand” in order to render the gauge fields dynamic
quantities.
Furthermore, the torsion tensor
s
ξ
βα
= 1
2
(
γ
ξ
βα
−γξ
αβ
)
≡ γξ
[βα]
(4)
needs to be considered if we admit non-symmetric connection coefficients. Schrödinger
[20], Sciama [16], and von der Heyde [21] showed that the equivalence principle holds even
for spacetime geometries with torsion—in contrast to many statements in the literature.
The complete set of field equations for the scalar field φ and vector field aν, coupled to
a dynamical spacetime geometry described by the metric gνµ, the connection coefficients
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γ
ξ
αβ
, and their respective conjugates, k˜λαβ and q˜
αβη
ξ
, then write [1]
φ∗;µ =
∂H˜0
∂p˜iµ
, p˜i
β
;β
= −∂H˜0
∂φ∗
+2 p˜iβsαβα (5)
φ;µ =
∂H˜0
∂p˜i∗µ
, p˜i
∗β
;β
= −∂H˜0
∂φ
+2 p˜i∗βsαβα (6)
aν;µ =
∂H˜0
∂ p˜νµ
, p˜
νβ
;β
= −∂H˜0
∂aν
+2 p˜νβsαβα (7)
gξλ;µ =
∂H˜Dyn
∂k˜ξλµ
, k˜
ξλβ
;β
= −∂H˜0
∂gξλ
− ∂H˜Dyn
∂gξλ
+2k˜ ξλβsαβα (8)
and
q˜
ξλβ
η ;β
= −aη p˜ξλ−2gηβk˜βξλ+ q˜ ξβαη sλβα+2q˜ ξλβη sαβα (9)
1
2
R
η
ξλµ
= −∂H˜Dyn
∂q˜
ξλµ
η
. (10)
Equation (10) links the canonical momentum q˜
αξβ
η to the Riemann tensor R
η
αξβ
. As H˜Dyn
is a scalar (to be exact: a proper world scalar density), we conclude from Eq. (10) that
the canonical momentum q˜
ξλµ
η has the same symmetry properties as the Riemann ten-
sor R
η
ξλµ
. The vacuum field equations, hence a subset of equations (5) to (10), was de-
rived earlier by Nester [22] in the language of modern differential geometry by requiring a
diffeomorphism-invariant action.
2.2. Energy-momentum balance equation
Inserting Eqs. (7), (8), and (10) into Eq. (9), it can be covariantly differentiated with respect
to xλ to get the consistency condition [1], which actually represents an energy-momentum
balance equation
2k˜λαβ
∂H˜Dyn
∂k˜λξβ
−2∂H˜Dyn
∂gαβ
gξβ+ q˜
αβλ
τ
∂H˜Dyn
∂q˜
ξβλ
τ
− ∂H˜Dyn
∂q˜
τβλ
α
q˜
τβλ
ξ
=
∂H˜0
∂aα
aξ − p˜αβ∂H˜0
∂ p˜ξβ
+2
∂H˜0
∂gαβ
gξβ.
(11)
The proof of this equation was originally worked out in the partial derivative representation
in [1]. It is proved directly as a tensor equation in Appendix A.
The terms on the right-hand side of Eq. (11) are determined by the Hamiltonian H˜0 of
the given system of scalar fields φ and vector fields aµ. It will be shown that these terms
constitute the canonical energy-momentum tensor of the system described by H˜0.
The terms on the left-hand side emerge from the Hamiltonian H˜Dyn, which describes
the “kinetics” of spacetime. Hence, the consistency equation (11) describes the coupling of
the spacetime dynamics to the dynamics of the source fields as a rank two tensor equation.
The consistency condition (11)—which follows from the set of field equations—
represents a generic equation of general relativity which holds for any given system of
scalar and vector fields, as described by H˜0, and for any particular model for the dynamics
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of the “free” gravitational fields, as described by H˜Dyn. The entire set of ten field equa-
tions (5) to (10) is closed and can be integrated to yield the combined dynamics of fields
and spacetime geometry only after H˜0 and H˜Dyn have been specified. Note that Eq. (11) is
not restricted to metric compatibility, hence the covariant derivative of the metric may be
nonzero (gξλ;µ . 0). Equation (11) also applies for spacetimes with torsion (s
ξ
βα
. 0).
In the proof of Eq. (11), the Riemann tensor is not assumed to be skew-symmetric in
its first index pair b. This extra symmetry of the Riemann tensor does not follow directly
from its definition in Eq. (3). Without this assumption, an additional term, proportional to
the weight factor w, appears in the Ricci formula (A.2) for the commutator of the second
covariant derivatives of relative tensors—which here happens to simplify the proof.
2.3. Metric compatibility
If H˜Dyn is defined to not depend on the conjugate of the metric, k˜αλβ, then Eq. (8) estab-
lishes the metric compatibility condition
gαλ;β =
∂H˜Dyn
∂k˜αλβ
≡ Qαλβ = 0, (12)
wherein Qλξβ denotes the nonmetricity tensor. This reflects a general feature of the canon-
ical formalism: if a Hamiltonian does not depend on a dynamical variable, then the conju-
gate variable is conserved. The restriction to a covariantly constant metric greatly simplifies
the subsequent field equations. If the system HamiltonianH0 does not depend on the met-
ric’s conjugate momentum k˜λξβ—which corresponds to a system LagrangianL0 that does
not depend on the covariant derivative of the metric—the last term on the right-hand side
of Eq. (11) represents Hilbert’s metric energy-momentum tensor density [24]
T˜αβ = 2
∂H˜0
∂gαβ
. (13)
With a covariantly constant metric, i.e. with metric compatibility, the index η in the field
equation (9) can simply be raised. Furthermore, the covariantly constant factor
√−g (de-
noted by the tilde) can be eliminated to yield
q
ηξλβ
;β
= −aηpξλ−2kηξλ+qηξβαsλβα+2qηξλβsαβα. (14)
As noticed above, qηξλβ must be skew-symmetric in η and ξ in order to obey the same
symmetries as the Riemann tensor. In contrast, kηξλ is symmetric, whereas aηpξλ has no
symmetry in this index pair. Hence, Eq. (14) actually splits into two equations, namely the
symmetric and the skew-symmetric portion of Eq. (14) in η and ξ:
q
ηξλβ
;β
= − 1
2
(
aηpξλ−aξpηλ
)
+qηξβαsλβα+2q
ηξλβsαβα (15)
2kηξλ = − 1
2
(
aηpξλ+aξpηλ
)
. (16)
Either equation will be discussed separately in the following sections.
bsee Misner et al. [23], p. 324, for a discussion of this issue.
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2.4. Canonical energy-momentum tensor as the source of gravity
As H˜Dyn is assumed not to depend on k˜ ξλµ to achieve metric compatibility (gξλ;µ = 0), field
equations do not provide an equation relating k˜ ξλµ to the derivative ∂gξλ/∂x
µ of the metric.
Nevertheless, the covariant divergence of k˜ ξλβ from Eq. (8) and the canonical equations (7)
can be inserted into the covariant λ-derivative of Eq. (16) to yield
− 2√−g
∂H˜Dyn
∂gµν
=
2√−g
∂H˜0
∂gµν
− 1
2
(
gναpµβ+gµαpνβ
) ∂H0
∂pαβ
+
1
2
(
aµ
∂H0
∂aν
+aν
∂H0
∂aµ
)
. (17)
For the cases considered here, the right-hand side of Eq. (17) sums up to the symmetrized
canonical energy-momentum tensor θµν
θµν = Tµν−gµαpνβ ∂H0
∂pαβ
+aµ
∂H0
∂aν
. (18)
The canonical energy-momentum tensor θµν follows for a system of complex scalar fields
and real vector fields in the covariant Hamiltonian formalism from the general prescription
θµν = piµ
∂H0
∂piν
+pi∗µ
∂H0
∂pi∗ν
+gνβpαµ
∂H0
∂pαβ
+gµν
(
H0−piα∂H0
∂piα
−pi∗α ∂H0
∂pi∗α
− pαβ ∂H0
∂pαβ
)
.
(19)
Equation (18) with θµν from Eq. (19) is verified for a Proca system in Eq. (35). Hence, our
canonical gauge theory of gravity shows that it is exactly the canonical energy-momentum
tensor which constitutes the proper source term of gravity. This does not apply to a system
of scalar and massless vector fields with additional U(1) symmetry, as will be shown in
Sect. 3. Both energy-momentum tensors, the metric and the canonical one, differ by terms
which are related to the vector field. Hence, the tensors coincide in the case of systems
of pure scalar fields, as is verified in Sect. 2.6. As the energy-momentum tensor enters
directly into the field equation of gravity, it is not allowed to replace the canonical energy-
momentum tensor by the metric one if the system comprises a massive or non-massive
vector field.
Hence, inserting Eq. (18) into Eq. (17) yields
∂H˜Dyn
∂gµν
= − 1
4
(
θµν + θνµ
)
. (20)
Remarkably, it is exactly the symmetric portion of the canonical energy-momentum tensor
that acts as a source for the symmetric tensor on the left-hand side. Equation (20) can be
regarded as a generic Einstein-type equation which holds for any model of the free (un-
coupled) gravitational field, as described by H˜Dyn. It also restates the zero-energy princi-
ple [25], hence the hypothesis that the average density of matter in the universe has exactly
the critical value such that the total energy of the universe is zero. Actual data suggests
that this might indeed be the case [26].
A particular choice of H˜Dyn with at most quadratic terms in the canonical momentum
q˜ξτβλ was presented in Ref. [1]. A more general case is discussed in Ref. [27].
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For a scalar field φ and for restricting the resulting field equation to linear terms in
the Riemann tensor, Eq. (20) yields the Einstein equation. However, in all other cases a
different theory of gravity emerges.
The correlation of metric and canonical energy-momentum tensors was discussed by
Belinfante [17] and Rosenfeld [18]. Their symmetrization prescription has the geometrical
meaning to subtract the spin-related components from the canonical energy-momentum
tensor θµν—and thereby eliminates the spin-related interactions from the field equations.
2.5. Spin tensor as the source of spacetime torsion
The skew-symmetric part of the product aηpξλ in η and ξ defines the canonical spin tensor
τηξλ = 1
2
(
aηpξλ−aξpηλ
)
, (21)
which quantifies the intrinsic angular momentum (i.e., the spin) density of the vector field
aµ [28,29]. The tensor τηξλ acts as the source term as can be seen by re-writing Eq. (15) in
the form of a Poisson-type equation
q
ηξλβ
;β
−qηξαβsλαβ−2qηξλαsβαβ = −τηξλ. (22)
Depending on the particular model H˜Dyn for the free gravitational field, the canonical mo-
mentum qηξλβ is correlated in a specific way with the Riemann curvature tensor according
to Eq. (10). Hence, Eq. (22) shows that the spin τηξλ may act as a specific source for the
dynamics of a skew-symmetric part of the connection γλ
βα
. As that torsion constitutes an
intrinsic property of the Riemann tensor, it propagateswith gravitational waves.
The second covariant derivative of Eq. (15) yields immediately the skew-symmetric
part of the consistency equation
R
µ
αβη
qναβη −qµαβηRναβη = θµν − θνµ. (23)
2.6. Example 1: Complex Klein-Gordon system
The Klein-Gordon Hamiltonian H˜0(φ,φ∗, p˜iµ, p˜i∗µ,gµν) for a system of complex fields in a
dynamic spacetime is given by
H˜0 = p˜i∗αp˜iβ gαβ 1√−g +m
2φ∗φ
√−g, (24)
The set of canonical equations following from (24) are
∂φ
∂xν
=
∂H˜0
∂p˜i∗ν
= gνβ
p˜iβ√−g = piν
∂φ∗
∂xν
=
∂H˜0
∂p˜iν
= gαν
p˜i∗α√−g = pi
∗
ν
∂p˜iα
∂xα
= −∂H˜0
∂φ∗
= −m2φ√−g
∂p˜i∗α
∂xα
= −∂H˜0
∂φ
= −m2φ∗√−g.
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The canonical momenta can be eliminated by inserting the momenta into the equations for
the divergence of the momenta
∂p˜iα
∂xα
=
∂
∂xα
(
gαβ
∂φ
∂xβ
√−g
)
= −m2φ√−g,
hence
gαβ
∂2φ
∂xα∂xβ
+
∂φ
∂xβ
1√−g
∂
∂xα
(
gαβ
√−g
)
+m2φ = 0.
The second term can be expressed in terms of the connection as
gαβ
(
∂2φ
∂xα∂xβ
− ∂φ
∂xξ
γ
ξ
αβ
)
−2 ∂φ
∂xβ
gβξsαξα+m
2φ = 0,
with sα
ξα
the contracted torsion tensor, referred to as the torsion vector. The sum in paren-
theses is the covariant xβ-derivative of the covector ∂φ/∂xα, which finally yields the tensor
equation
gαβ

(
∂φ
∂xβ
)
;α
−2sξ
αξ
∂φ
∂xβ
+m2φ = 0. (25)
The term related to the torsion vector s
ξ
αξ
states that the covariant dynamics couples the
scalar field φ to the torsion of spacetime. Yet, the scalar field does not act as a source of
torsion according to Eq. (22).
The contravariant representation of the associated metric energy-momentum ten-
sor (13) follows by virtue of
∂g
∂gµν
= gνµ g ⇒ ∂
√−g
∂gµν
= 1
2
gνµ
√−g (26)
as
Tµν =
2√−g
∂H˜0
∂gµν
= pi∗µpiν+pi∗νpiµ−gµν
(
gαβ pi
∗αpiβ−m2φ∗φ
)
.
The canonical energy-momentum tensor for a system of complex scalar fields follows from
the general prescription
θ
µ
ν = pi
∗µ ∂H0
∂pi∗ν
+piµ
∂H0
∂piν
+ δ
µ
ν
(
H0−pi∗α ∂H0
∂pi∗α
−piα ∂H0
∂piα
)
= pi∗µpiν+pi∗νpi
µ− δµν
(
pi∗αpiα−m2φ∗φ
)
. (27)
From Eq. (27), the contravariant representation of the canonical energy-momentum tensor
for the complex Klein-Gordon system is obtained as
θµν = pi∗µpiν+pi∗νpiµ−gµν
(
gαβpi
∗αpiβ−m2φ∗φ
)
, (28)
which is symmetric and coincides with the above metric energy-momentum tensor of this
system:
θµν ≡ Tµν.
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Hence, for the system (24) there is no ambiguity with respect to the source term of the
generic equations (17) and (23), which write for any H˜Dyn
∂H˜Dyn
∂gµν
= −∂H˜0
∂gµν
q
αβλ
τ
∂H˜Dyn
∂q˜
ξβλ
τ
=
∂H˜Dyn
∂q˜
τβλ
α
q
τβλ
ξ
⇔ Rη
τβλ
qξτβλ = qητβλR
ξ
τβλ
.
2.7. Example 2: Proca system
The Proca Hamiltonian in static spacetime was derived from the Proca Lagrangian in
Ref. [8] by means of a (regular) Legendre transformation. In a dynamic spacetime, the
corresponding Proca Hamiltonian H˜0(aν, p˜νµ,gµν) is given by
H˜0 = − 14 p˜αβ p˜ξηgαξ gβη
1√−g −
1
2
m2aα aβ g
αβ √−g, (29)
with the pertaining action integral
S =
∫
R
[
1
2
p˜αβ
(
aα;β−aβ;α
)
+ k˜αλβ gαλ;β−H˜0
]
d4x. (30)
It follows from the variation of (30) that the energy-momentum tensor is skew-symmetric,
p˜αβ = −p˜βα. The covariant derivatives indicate that the system described by (30) is not
closed, but depends on the connection coefficients γν
βα
as external functions of spacetime.
The diffeomorphism-invariantaction integral of the closed system acquires a modified form
compared to that of Eq. (2):
S =
∫
R
[
1
2
p˜αβ
(
aα;β−aβ;α
)
+ k˜αλβ gαλ;β− 12 q˜
αξβ
η R
η
αξβ
−H˜Dyn−H˜0
]
d4x. (31)
By variation of (31), the canonical equations for the Proca Hamiltonian (29) follow from
the general form of Eqs. (7) as
1
2
(
aµ;ν−aν;µ
)
=
∂H˜0
∂ p˜µν
= − 1
2
pµν
p˜
µβ
;β
−2 p˜µβsαβα = −
∂H˜0
∂aµ
= m2aµ
√−g,
hence, because of metric compatibility,
pµν =
∂aν
∂xµ
− ∂aµ
∂xν
+2aαs
α
µν
p
µβ
;β
= m2aµ+2pµβsαβα. (32)
The vector field aµ thus directly couples to the torsion of spacetime. The other field equa-
tions, emerging from the variation of the action integral (31), are given by Eqs. (8), (9),
and (10). Hence, the consistency equation retains the form of Eq. (11). From Eq. (19), the
canonical energy-momentum tensor is now obtained for this system as
θ
µ
ν = − 12 pαµpαν+ 14δ
µ
ν
(
pαβpαβ−2m2aαaα
)
. (33)
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Note that its covariant and contravariant representations are symmetric. The metric energy-
momentum tensor (13) can be set up considering Eq. (26) and
∂gαβ
∂gµν
= −gαµgνβ
as
T
µ
ν = −pαµpαν+m2aµaν+ 14δ
µ
ν
(
pαβpαβ−2m2aαaα
)
. (34)
The difference of canonical and metric energy-momentum tensors is now
θ
µ
ν −Tµν = 12 pαµpαν−m2aµaν
= −pαµ ∂H0
∂pαν
+
∂H0
∂aµ
aν,
hence
θ
µ
ν = T
µ
ν − pαµ
∂H0
∂pαν
+
∂H0
∂aµ
aν. (35)
The canonical energy-momentum tensor (33) thus enters into the consistency equation (17)
for the spacetime dynamics including torsion.
The contravariant representations of Eqs. (33) and (34) for a Proca system are
θµν = − 1
2
pαµp να +
1
4
gµν
(
pαβpαβ−2m2aαaα
)
Tµν = −pαµp να +m2aµaν+ 14gµν
(
pαβpαβ−2m2aαaα
)
.
Our conclusion is that θµν represents the correct source term for a Proca system. The canon-
ical energy-momentum tensor θµν thus entails an increased weighting of the kinetic energy
over the mass as compared to the metric energy momentum tensor Tµν in their roles as
the source of gravity. This holds independently of the particular model for the “free” (un-
coupled) gravitational field, whose dynamics is encoded in the Hamiltonian H˜Dyn in the
generic Einstein-type equation (17)
θµν+
2√−g
∂H˜Dyn
∂gµν
= 0.
Due to the symmetry of the canonical energy-momentum tensor θµν of the Proca system,
the Hamiltonian H˜Dyn of the free gravitational field must be devised to entail a correla-
tion of the canonical momentum qµτβλ and the Riemann tensor from the canonical equa-
tion (10), which satisfies the condition from Eq. (23)
R
µ
τβλ
qντβλ = qµτβλRντβλ.
As will be shown in the following section, the metric energy-momentum tensor will turn
out to be the appropriate source term of gravity for systems invariant under the combination
of the groups Diff(M) and U(1).
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3. System with U(1) symmetry
3.1. U(1) gauge theory
The action integral of a complex scalar field φ in conjunction with a “free” real 4-vector
field aµ—which later acts as a “gauge field”— writes
S =
∫ [
pi∗α
∂φ
∂xα
+
∂φ∗
∂xα
piα+ pαβ
∂aα
∂xβ
−H0
]
d4x, (36)
with the initially uncoupled HamiltonianH0 given by [1, 8]
H0 = pi∗αpiα+m2φ∗φ− 14 pαβpαβ. (37)
The action integral (36) is obviously invariant under the global (Λ = const.) symmetry
transformation
pνµ = Pνµ, aµ = Aµ
piµ = Πµe−iΛ, φ = Φe−iΛ
pi∗µ = Π∗µ eiΛ, φ∗ = Φ∗ eiΛ.
The corresponding local (Λ , const.) symmetry transformation is defined by means of the
generating function
F
µ
2
= Π∗µφeiΛ(x) +φ∗Πµe−iΛ(x) +Pαµ
(
aα+
1
q
∂Λ
∂xα
)
. (38)
In this context, the notation local refers to the fact that the generating function (38) depends
explicitly on xµ. The general transformation rules applied to the actual generating function
yield for the fields
pνµ = Pνµ, aµ = Aµ − 1
q
∂Λ
∂xµ
piµ = Πµe−iΛ(x), φ = Φe−iΛ(x) (39)
pi∗µ = Π∗µ eiΛ(x), φ∗ = Φ∗ eiΛ(x).
The transformation rule for the Hamiltonians follows from the explicit xµ-dependence of
the generating function
H ′ =H + ∂F
β
2
∂xβ
∣∣∣∣∣∣∣
expl
,
which means for the particular generating function (38)
∂F
β
2
∂xβ
∣∣∣∣∣∣∣
expl
= i
(
Π∗αφeiΛ(x) −φ∗Παe−iΛ(x)
) ∂Λ
∂xα
+
1
q
Pαβ
∂2Λ
∂xα∂xβ
.
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Inserting the inhomogeneous rule for the vector field Aµ yields
∂F
β
2
∂xβ
∣∣∣∣∣∣∣
expl
= iq
(
Π∗αΦ−Φ∗Πα)Aα− iq (pi∗αφ−φ∗piα)aα
+ 1
2
Pαβ
(
∂Aα
∂xβ
+
∂Aβ
∂xα
)
− 1
2
pαβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
. (40)
According to the canonical transformation formalism [1], it follows from Eq. (40) that the
uncoupled Hamiltonian (37) is now replaced by the amended HamiltonianH1, defined as
H1 = pi∗αpiα+ iq
(
pi∗αφ−φ∗piα)aα+m2φ∗φ− 14 pαβpαβ+ 12 pαβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
. (41)
This Hamiltonian H1(φ,φ∗,piµ,pi∗µ,aν, pνµ) is mapped under the canonical transformation
rules (39) of the fields and (40) into a Hamiltonian H1(Φ,Φ∗,Πµ,Π∗µ,Aν,Pνµ) of exactly
the same form in the transformed fields.
The Hamiltonian (41) can finally be combined with the corresponding terms in the
initial action integral from Eq. (36). We thus end up with the particular action integral
S =
∫ [
pi∗α
(
∂φ
∂xα
− iqaα
)
+
(
∂φ∗
∂xα
+ iqaα
)
piα+
1
2
pαβ
(
∂aα
∂xβ
− ∂aβ
∂xα
)
−H0
]
d4x. (42)
The action integral (42) is form-invariant under the local canonical transformation
rules (39) and (40), which are generated by F2 from Eq. (38). It follows directly from
the action integral (42) that pµν is skew-symmetric. This property of the canonical mo-
mentum tensor conjugate to the vector field aµ follows here from the gauge formalism and
need not to be postulated. Notice that the derivative of the vector field in Eq. (36) is now
replaced by a skew-symmetric tensor yielding a U(1) gauge invariant action integral.
3.2. Extension to the U(1)×Diff(M) symmetry group
The system of complex scalar and real vector fields described by the action (42) is form-
invariant under a local U(1) symmetry transformation, hence under phase transformations
of the scalar field and the shift transformation of the real vector field. In Appendix B, we
derive the combined transformation rules for the U(1) symmetry transformation and the
symmetry under the diffeomorphism group Diff(M) of the spacetime manifold M. The
Hamiltonian H˜Dyn(k˜, q˜,g) stands for the model which describes both the dynamics of the
momenta k˜ of the metric g, and q˜ the momenta of the connection coefficients γ. On the basis
of the action (42), the generally covariant action which describes in addition the interaction
of the massive complex scalar field φ and the massless real (Maxwell) vector field aµ with
the spacetime geometry is obtained as
S =
∫
R
[
p˜i∗α
(
∂φ
∂xα
− iqaαφ
)
+
(
∂φ∗
∂xα
+ iqφ∗aα
)
p˜iα
+
1
2
p˜αβ
(
∂aα
∂xβ
− ∂aβ
∂xα
)
+ k˜αλβ gαλ;β− 1
2
q˜
λαβ
ξ
R
ξ
λαβ
−H˜0−H˜Dyn
]
d4x. (43)
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Clearly, this system is form-invariant under the combined symmetry group U(1)×Diff(M).
Comparing the invariant action functional (43) with that of the Proca system (Eq. (31))
shows that now the gauge field aµ does no longer couple directly to the connection γ
ξ
αβ
.
The Proca action contains the additional term
1
2
p˜αβ
(
γ
ξ
αβ
−γξ
βα
)
aξ,
which is invariant under the Diff(M) symmetry group, but not under the group U(1)×
Diff(M).
With H˜0 in particular the sum of the Klein-Gordon Hamiltonian (24) and the massless
Proca Hamiltonian (29), Eq. (43) represents the generic action of the Einstein’s “unified
field theory” of electromagnetics and gravitation. The Hamiltonian H˜Dyn(k˜, q˜,g) stands for
all possible descriptions of the free gravitational field—which are not restricted to met-
ric compatibility and zero torsion. The final “gauged” Hamiltonian is thus with H0 from
Eq. (37)
H˜3 = H˜0 + H˜Dyn+ iq (p˜i∗αφ−φ∗p˜iα)aα
+
1
2
p˜αβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
+
(
k˜αλβgξλ+ k˜
λαβgλξ
)
γ
ξ
αβ
+
1
2
q˜
αξβ
η

∂γ
η
αξ
∂xβ
+
∂γ
η
αβ
∂xξ
+γκαβγ
η
κξ
−γκαξγηκβ
 , (44)
from which the canonical field equations follow now as tensor equations.
3.3. Canonical Field equations and the consistency equation
In this section, we derive the set of canonical field equations emerging from the gauge-
invariant Hamiltonian H˜3 of Eq. (44). To begin with, the field equations for the complex
scalar field φ and its conjugates follow as
∂φ
∂xµ
=
∂H˜3
∂p˜i∗µ
=
∂H˜0
∂p˜i∗µ
− iqaµφ
∂φ∗
∂xµ
=
∂H˜3
∂p˜iµ
=
∂H˜0
∂p˜iµ
+ iqφ∗aµ
∂p˜iα
∂xα
= −∂H˜3
∂φ∗
= −∂H˜0
∂φ∗
− iq p˜i∗αaα
∂p˜i∗α
∂xα
= −∂H˜3
∂φ
= −∂H˜0
∂φ
+ iq p˜iαaα.
The field equations related to the real vector field aµ emerge as
∂aν
∂xµ
=
∂H˜3
∂ p˜νµ
=
∂H˜0
∂ p˜νµ
+
1
2
(
∂aν
∂xµ
+
∂aµ
∂xν
)
∂ p˜νβ
∂xβ
= −∂H˜3
∂aν
= −∂H˜0
∂aν
− iq (p˜i∗νφ−φ∗p˜iν) ,
May 28, 2019 2:32 WSPC/INSTRUCTION FILE chgf6
Spacetime coupling of spin-0 and spin-1 particle fields 15
hence
∂H˜0
∂ p˜νµ
=
1
2
(
∂aν
∂xµ
− ∂aµ
∂xν
)
∂H˜0
∂aν
= −∂ p˜
νβ
∂xβ
− iq (p˜i∗νφ−φ∗p˜iν) .
For metric compatibility, hence for H˜Dyn not depending on k˜αλβ, the field equations related
to the (symmetric) metric tensor gµν are
∂gαλ
∂xβ
=
∂H˜3
∂k˜αλβ
= gκλγ
κ
αβ +gακγ
κ
λβ ⇔ gαλ ;β ≡ 0
∂k˜ξλβ
∂xβ
= −∂H˜3
∂gξλ
= −k˜αλβγξ
αβ
− k˜ξαβγλαβ −
∂H˜0
∂gξλ
− ∂H˜Dyn
∂gξλ
.
Finally, the field equations for the connection γ
η
αξ
and its conjugate, q˜
αξβ
η , are set up:
∂γ
η
αξ
∂xβ
=
∂H˜3
∂q˜
αξβ
η
=
∂H˜Dyn
∂q˜
αξβ
η
+
1
2

∂γ
η
αξ
∂xβ
+
∂γ
η
αβ
∂xξ
+γκαβγ
η
κξ
−γκαξγηκβ
 ,
which yields the negative Riemann tensor R
η
αξβ
2
∂H˜Dyn
∂q˜
αξβ
η
=
∂γ
η
αξ
∂xβ
−
∂γ
η
αβ
∂xξ
+γκαξγ
η
κβ
−γκαβγηκξ
= −Rη
αξβ
. (45)
As H˜0 and H˜Dyn do not depend on the connection γξαβ the equation for its conjugate,
q˜
αβµ
ξ
, is fully determined
∂q˜
αβλ
ξ
∂xλ
= − ∂H˜3
∂γ
ξ
αβ
= 2k˜λαβgλξ + q˜
αβλ
η γ
η
ξλ
+ q˜
ηλβ
ξ
γαηλ. (46)
Similarly to the corresponding field equation of the pure diffemorphism symmetry from
Eq. (9), we can rewrite this equation in terms of a covariant divergence
q˜
ξλβ
η ;β
= −2gηβk˜βξλ + q˜ ξβαη sλβα+2q˜ ξλβη sαβα. (47)
The term aη p˜
ξλ is now missing as the vector field does not couple to the connection in the
Hamiltonian H˜3. Consequently, the consistency equations for metric compatibility now
follow as
− ∂H˜Dyn
∂gµν
=
∂H˜0
∂gµν
, (48)
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and
q
αβλ
τ
∂H˜Dyn
∂q˜
ξβλ
τ
=
∂H˜Dyn
∂q˜
τβλ
α
q
τβλ
ξ
q
ηξλβ
;β
= qηξβαsλβα+2q
ηξλβsαβα.
In contrast to the Diff(M) gauge theory of the Proca system, for which the canonical
energy-momentum tensor emerges as the source in the consistency equation (11), the
U(1)×Diff(M) gauge theory has the metric energy-momentum tensor as its source. For
the conventional case of H˜0 not depending on the conjugate of the metric, k˜αλµ, this ten-
sor is generally obtained according to Eq. (13). For the Klein-Gordon-Maxwell Hamilto-
nian (41), hence for the U(1) gauge theory, this tensor has the explicit Hamiltonian form
Tµν = pi∗µpiν+pi∗νpiµ− pµαpνβgαβ−gµν
(
pi∗αpi
α−m2φ∗φ− 1
4
pαβpαβ
)
. (49)
It can be shown similarly that the metric energy momentum tensor also acts as the source
term for SU(N)×Diff(M) gauge theories, hence for the general relativistic extension of
Yang-Mills gauge theories. This again holds independently of the particular H˜Dyn describ-
ing the dynamics of the “free” gravitational field.
4. Conclusions
Any (globally) Lorentz-invariant Lagrangian/Hamiltonian system can be converted into an
amended Lagrangian or Hamiltonian, which is form-invariant under the Diff(M) symmetry
group, following the well-established reasoning of gauge theories. The integrand of the
final action integral (2) was shown to represent a proper (world) scalar density, thereby
meeting the requirement of Einstein’s Principle of General Relativity, i.e. form-invariance
under local chart transitions (diffeomorphisms). For simplicity, metric compatibility was
imposed later in Eq. (12).
The gauge formalism reveals that scalar and vector source fields couple differently to a
dynamic spacetime. In the context of this paper, we must distinguish three cases:
(1) Massive or massless, real or complex scalar fields φ are associated with the metric
(Hilbert) energy-momentum tensor Tµν as the source term of the Einstein-type equa-
tion (17). Yet, in this case, Tµν coincides with the canonical energy-momentum tensor
θµν. Scalar fields do not act as source for a torsion of spacetime.
(2) Systems of massive or non-massive vector fields aµ with no other symmetries than the
Diff(M) group—such as the Proca system—require the canonical energy-momentum
tensor θµν as the source term. Such systems do couple to a torsion of spacetime.
(3) A system consisting of a complex (charged) scalar field φ, which couples minimally
to a massless vector field aµ (Maxwell field)—hence a system with additional U(1)
symmetry—has the metric energy-momentum tensor Tµν as the source term. This can
be generalized to systems with SU(N) symmetry [19]. These systems do not couple to
torsion of spacetime.
The general prescription to promote a Lorentz-invariant action into a generally covariant
action is thus to replace the partial derivatives of all non-scalar objects in the action integral
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by covariant derivatives. Exceptions to this recipe are twofold. The first exception is en-
countered regarding the invariant action integral (42) of the U(1) gauge theory. The direct
coupling p˜αβaξγ
ξ
αβ
to the dynamical spacetime geometry is exactly compensated due to
the inhomogeneous transformation rule (B.6) in Eq. (B.16). The remaining derivative of
H˜0 with respect to the metric gαβ then yields the metric energy-momentum tensor as the
appropriate source term for the spacetime dynamics of a system with U(1) resp. SU(N)
symmetry. Moreover, due to the missing coupling term, the canonical spin tensor τηξλ does
not show up on the right-hand side of Eq. (22). Hence, the system does not generate torsion
of spacetime.
The second exception is the partial derivative of the affine connection in the action
integral. As the affine connection is no tensor, its partial derivatives cannot directly be con-
verted into covariant derivatives in the initial action integral (1). Yet, by virtue of the gauge
formalism, a term quadratic in the affine connection γ emerges, which is shown to make the
partial derivatives of γ
η
αβ
into one-half the Riemann tensor—and hence into a generally co-
variant object. The action integral (2) thus complies with the Principle of General Relativ-
ity. Its subsequent field equations are then tensor equations, which quantify the interaction
of the source fields with the spacetime geometry, the latter being described by the metric
and the affine connection as separate geometrical objects. The canonical transformation
approach to spacetime dynamics thus naturally implements the Palatini formalism [13].
As the gauge formalism determines only the coupling of matter and spacetime dynam-
ics, an additive Hamiltonian H˜Dyn of the “free” gravitational field is to be postulated. An
action with a quadratic term in the canonical momenta of the gauge field is required to
obtain a closed system of field equations for the coupled dynamics of fields and spacetime
geometry [1].
We have shown in this paper that the correct energy-momentum tensor for the massive
vector is the canonical one, whereas the metric one is correct for massless vector fields,
hence for systems with additional U(1) or, more general, SU(N) symmetry. As a conse-
quence, compact astrophysical objects, like neutron stars and binary neutron star mergers
must be reinvestigatedwith the appropriate canonical energy-momentum terms for the vec-
tor repulsion from an effective field theory (EFT). A similar conclusion does also hold for
fermions, both for protons and electrons, as well as for neutrinos, both in white dwarfs,
neutron stars and in “ultra high energy cosmic ray” (UHECR) events. The particular cou-
pling of spinor fields with spacetime will be the topic of separate papers [30,31]. It will be
shown that the coupling of a spinor with the spacetime dynamics gives rise to an effective
mass term in the generally covariant Dirac equation.
The theory of geometrodynamics with quadratic Riemann tensor and a modified cou-
pling of vector fields developed here entails important astrophysical and cosmological con-
sequences according to the new general equation (61) of Ref. [1]. Details will be addressed
in a forthcoming article, yet qualitative consequences are discussed briefly in the following.
Reference [1] demonstrated that Eq. (61) is solved as well as the classical Einstein equa-
tion by the Schwarzschild and the Kerr metrics. However, due to the canonical quadratic
curvature terms, a new understanding emerges of both Friedman cosmology, as well as for
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the interior of compact stellar objects, pulsar dynamics and binary neutron star mergers.
The canonical energy-momentum tensor replaces the Einstein’s metric tensor, resulting in
structural changes of compact astrophysical objects and relativistic collapse dynamics.
The interior structure of the neutron stars can be calculated using the QCD-motivated
relativistic mean-field (RMF) theory with meson fields interacting with neutrons, other
baryons, and with leptons. This is done e.g. in the Walecka [32, 33] and in non-linear
Boguta-Bodmer RMF theories [34,35] by introducing the repulsiveωµ and ρµ interactions,
as well as the attractive scalar σ field. For both N = Z nuclear matter, and for the N-
dominated neutron matter, the nucleons and heavier baryons acquire substantial relativistic
effects in the dense medium, including both, strong attraction (Us ≃ −450 MeV) induced
by scalar σ mesons with mass mσ ≃ 550 MeV, and strong repulsion (Uv ≃ 350 MeV)
due to the ωµ and ρµ vector mesons with masses mω ≃ mρ of the order of 800 MeV. Due
to scalar-meson interactions, the effective in-medium nucleon mass drops from the value
mN ≃ 940MeV to aboutm∗N ≃ 550MeV at densities around the nuclear ground state density
ρ0. In this case contributions of massive meson vector (spin-1) fields to the energy density
are of the same order of magnitude as the energy density of neutrons and other baryons,
exceeding the baryon kinetic energy density above baryon densities of 2ρ0 ≃ 0.3 fm−3.
Neutron star formations in supernovae collapses, and creation of hypermassive neutron
stars (HMNS) in binary neutron star mergers, may produce even larger relativistic effects
due to strong magnetic fields in pulsars, in rapidly rotating neutron stars, and even more
in violently moving binary HMNSs with high temperatures, higher densities and strong
magnetic fields H ≃ 1018 Gauss. The high angular frequencies may align spins of both,
nucleons (spin-1/2) and vector mesons, with similar masses. Hence, the terms proportional
to pµβpν
β
and aµaν on the right-hand side of Eq. (35) can be of the same order of magnitude
as the metric energy-momentum tensor Tµν of the Einstein equation. On this account, the
theory of neutron star structure and dynamics need to be fundamentally revised.
The recent detection of the gravitational wave from a binary neutron star merger by the
LIGO-VIRGO collaboration (GW170817) [36,37] opens various interesting astrophysical
scenarios: analysis of the gravitational wave data, in combination with the independently
detected gamma-ray burst (GRB 170817A) [38] and further electromagnetic radiation [39]
results in a neutron star merger scenario which is in good agreement with numerical simu-
lations of binary neutron star mergers performed in full general relativistic hydrodynamics.
As a result of the binary merger, a fast, differentially rotating HMNS was produced, which
lived for ≈ 1 second before it collapsed to a rotating Kerr black hole. Matter in the interior
of the HMNS reaches densities of up to several times normal nuclear matter, and temper-
atures could reach T ∼ 50− 100 MeV. However, for such high densities, the equation of
state (EOS) is still poorly constrained. High energy heavy ion collision data are compati-
ble with a hadron-quark phase transition, which then shall also be present in the interior of
the HMNS [40].
As predicted by Csernai and coworkers [41], a strongly rotating quark-gluon plasma
has been detected experimentally in non-central ultra-relativistic heavy ion collisions [42].
The coupling of the internal spin component of the quark-gluon plasma phase (in the in-
terior of the HMNS) may act as a source of torsion of spacetime. Therefore, numerical
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simulations of the post-merger phase of a neutron star merger performed within the canon-
ical theory of gravitation will differ fundamentally from classical Einstein simulations.
The replacement of the metric energy-momentum-tensor by the canonical energy-
momentum-tensor thus results in two important changes in the general relativistic de-
scriptions of neutron stars and binary neutron star mergers: Both the static Tolman-
Oppenheimer-Volkov equation and the dynamic theory of binary neutron stars become
invalid, because not only the EOS of hot, dense, and strongly rotating matter, but also the
metric itself will look quite differently as compared to the Einstein general relativity.
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Appendix A. Proof of the consistency equation (11)
If a dynamical quantity t
α1 ...αn
β1...βm
(x) at the spacetime location x transforms to
T
ξ1...ξn
η1 ...ηm
(X) at X according to
T
ξ1...ξn
η1 ...ηm
= t
α1 ...αn
β1...βm
∂Xξ1
∂xα1
. . .
∂Xξn
∂xαn
∂xβ1
∂Xη1
. . .
∂xβm
∂Xηm
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
w
(A.1)
with
∣∣∣ ∂x
∂X
∣∣∣ the determinant of the Jacobi matrix (“Jacobian”) of the transformation x 7→ X
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = ∂
(
x0, . . . , x3
)
∂
(
X0, . . . ,X3
) ,
then T is referred to as a relative (n,m)-tensor of weight w. The difference of the second
covariant derivatives of this kind of tensor is given by the Ricci formula [43]c(
T
ξ1...ξn
η1 ...ηm
)
;µ ;ν
−
(
T
ξ1...ξn
η1 ...ηm
)
;ν ;µ
=
m∑
k=1
RτηkµνT
ξ1...ξn
η1...τ...ηm
−
n∑
k=1
R
ξk
τµνT
ξ1...τ...ξn
η1 ...ηm
+wRττµνT
ξ1...ξn
η1...ηm
−2sτµν
(
T
ξ1...ξn
η1 ...ηm
)
;τ
, (A.2)
where R
ξ
τµν denotes the Riemann curvature tensor (3) and s
τ
µν the torsion tensor (4). In
the first and second term on the right-hand side of Eq. (A.2), the index τ is located at the
k-th position of the index list, respectively.
cNote that Ref. [43] in its Eq. (3.10) uses the opposite sign convention in the definition of the weight factor w, as
compared to Eq. (A.1). In our case,
√−g represents a relative scalar of weight w = +1. So all momentum fields
in our paper follow as relative tensors of weight w = +1.
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From the definition of the Riemann tensor (3), its contraction Rτ
τβλ
immediately fol-
lows as
Rττβλ =
∂γτ
τλ
∂xβ
−
∂γτ
τβ
∂xλ
. (A.3)
If the Riemann tensor is assumed to be skew-symmetric in its first index pair, then
Rττβλ = Rητβλg
ητ = 0.
Yet, we do not pursue the assumption at this point in order to maintain the consistency of
our derivation, where we did not discuss symmetry properties of Eq. (9).
With the Ricci formula in the general form of Eq. (A.2), we calculate the second co-
variant derivative q˜
ξλβ
η ;β;λ
of the (3,1)-tensor q˜ of weight w = 1 from Eq. (9). Owing to the
skew-symmetry of q˜
ξλβ
η in its last index pair, λ and β, the second covariant derivative can
be expressed as a difference of two second covariant derivatives with the differentiation
sequence reversed. Then the Ricci formula (A.2) can be applied
2q˜
ξλβ
η ;β;λ
= q˜
ξλβ
η ;β;λ
− q˜ ξβλ
η ;β;λ
= q˜
ξλβ
η ;β;λ
− q˜ ξλβ
η ;λ;β
= Rτηβλq˜
ξλβ
τ − q˜ τλβη Rξτβλ −Rλτβλq˜
ξτβ
η −Rβτβλq˜
ξλτ
η
+Rττβλq˜
ξλβ
η −2sτβλq˜ ξλβη ;τ
= Rτηβλq˜
ξλβ
τ − q˜ τλβη Rξτβλ −2sτβλq˜
ξλβ
η ;τ
+
(
R
β
τβλ
+R
β
βλτ
+R
β
λτβ
)
q˜
ξτλ
η
= Rτηβλq˜
ξλβ
τ − q˜ τλβη Rξτβλ −2sτβλq˜
ξλβ
η ;τ
+4
(
s
β
τβ;λ
+ 1
2
s
β
λτ;β
+ s
β
σβ
sστλ
)
q˜
ξλτ
η . (A.4)
In the last step, the contracted representation of the Bianchi identity for spaces with torsion
was inserted [43]
Rατβλ +R
α
βλτ+R
α
λτβ = −2
(
sατβ;λ + s
α
βλ;τ + s
α
λτ;β
)
−4
(
sατσs
σ
βλ+ s
α
βσs
σ
λτ+ s
α
λσs
σ
τβ
)
,
hence
R
β
τβλ
+R
β
βλτ
+R
β
λτβ
= −2
(
s
β
τβ;λ
+ s
β
βλ;τ
+ s
β
λτ;β
)
(A.5)
−4
(
✟
✟
✟✟s
β
τσs
σ
βλ+s
β
βσ
sσλτ−✟✟
✟✟sστβs
β
σλ
)
.
Equation (A.4) can now be equated with the covariant λ-derivative of the right-hand side
of Eq. (9):
1
2
Rτηβλq˜
ξλβ
τ − 12 q˜
τλβ
η R
ξ
τβλ
− sτβλ q˜ ξλβη ;τ +2
(
s
β
τβ;λ
+ 1
2
s
β
λτ;β
+ s
β
σβ
sστλ
)
q˜
ξλτ
η
=
(
−aη p˜ξλ−2gβηk˜βξλ+ sλβα q˜ ξβαη +2sαβα q˜ ξλβη
)
;λ
.
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Inserting the canonical field equations (7), (8), and (10) yields
q˜
τλβ
η
∂H˜Dyn
∂q˜
τβλ
ξ
− ∂H˜Dyn
∂q˜
ηβλ
τ
q˜
ξλβ
τ +
❳❳❳❳❳s
τ
βλ q˜
ξβλ
η ;τ +2
(
✚
✚✚❩
❩❩
s
β
τβ;λ
+
✟
✟
✟1
2
s
β
λτ;β
+ s
β
σβ
sστλ
)
q˜
ξλτ
η
= aη
(
∂H˜0
∂aξ
−2 p˜ξβsαβα
)
− ∂H˜0
∂ p˜ηλ
p˜ξλ+2gβη
∂H˜0∂gβξ +
∂H˜Dyn
∂gβξ
−2k˜βξτsατα
−2∂H˜Dyn
∂k˜βηλ
k˜βξλ
+✘✘
✘✘
✘
sλβα;λ q˜
ξβα
η +
❳❳❳❳❳s
λ
βα q˜
ξβα
η ;λ
+✘✘
✘✘
✘❳❳❳❳❳2s
α
βα;λ q˜
ξλβ
η +2s
α
βα q˜
ξλβ
η ;λ
.
Sorting the terms and relabeling some formal indices gives
2
∂H˜Dyn
∂k˜βηλ
k˜βξλ −2gβη
∂H˜Dyn
∂gβξ
+
∂H˜Dyn
∂q˜
ηβλ
τ
q˜
ξβλ
τ − q˜ τβλη
∂H˜Dyn
∂q˜
τβλ
ξ
= aη
∂H˜0
∂aξ
− ∂H˜0
∂ p˜ηλ
p˜ξλ+2gβη
∂H˜0
∂gβξ
−2B ξη
with
B
ξ
η = s
α
λα
(
aη p˜
ξλ+2gηβk˜
βξλ− q˜ ξβτη sλβτ + q˜ ξλβη ;β
)
. (A.6)
Inserting the covariant divergence of q˜
ξλβ
η from Eq. (9) into Eq. (A.6) all terms but one
cancel
B
ξ
η = 2q˜
ξλβ
η s
τ
βτs
α
λα = 0.
Yet, this term vanishes as the product of the torsion tensors is symmetric in β and λ, which
completes the proof of the consistency equation (11).
Appendix B. Derivation of the invariant action of the U(1)×Diff(M) symmetry
group
The sets of local coordinates referring to two coordinate charts of the spacetime manifold
M are denoted by x and X. The extension of the U(1) symmetry from Sect. 3.1 to the ad-
ditional symmetry under the diffeomorphism group Diff(M) is derived from the following
extended generating function of type F˜ µ
2
(
φ, Π˜∗,φ∗, Π˜,a, P˜,g, K˜,γ, Q˜, x
)
:
F˜ µ
2
∣∣∣
x
=
[
Π˜∗β(X)φ(x)eiΛ(x)+φ∗(x) Π˜β(X)e−iΛ(x)
+ P˜ηβ(X)
(
aξ(x)+
1
q
∂Λ(x)
∂xξ
)
∂xξ
∂Xη
+ K˜αλβ(X)gξζ(x)
∂xξ
∂Xα
∂xζ
∂Xλ
+ Q˜
αξβ
η (X)
(
γκτσ(x)
∂Xη
∂xκ
∂xτ
∂Xα
∂xσ
∂Xξ
+
∂Xη
∂xκ
∂2xκ
∂Xα∂Xξ
) ]
∂xµ
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
. (B.1)
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According to the general rules for extended canonical transformations [1], the particular
rules from the generating function (B.1) follow for the scalar fields and their conjugates as
δ
µ
νΦ(X) =
∂F˜ κ
2
∂Π˜∗ν
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = δµνφ(x)eiΛ(x) (B.2)
δ
µ
νΦ
∗(X) =
∂F˜ κ
2
∂Π˜ν
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = δµνφ∗(x)e−iΛ(x) (B.3)
p˜iµ(x) =
∂F˜ µ
2
∂φ∗
= Π˜β(X)e−iΛ(x)
∂xµ
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
(B.4)
p˜i∗µ(x) =
∂F˜ µ
2
∂φ
= Π˜∗β(X)eiΛ(x)
∂xµ
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
. (B.5)
For the vector field aξ, one encounters the inhomogeneous rule
δ
µ
β
Aα(X) =
∂F˜ κ
2
∂P˜αβ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = δµβ
(
aξ(x)+
1
q
∂Λ(x)
∂xξ
)
∂xξ
∂Xα
(B.6)
p˜µν(x) =
∂F˜ ν
2
∂aµ
= P˜(X)αβ
∂xµ
∂Xα
∂xν
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
. (B.7)
The rules for the metric gµν and the connection γ
κ
τσ , in conjunction with their respective
conjugates, k˜αλβ and q˜
αξβ
η , are
δ
µ
β
Gαλ =
∂F˜ κ
2
∂K˜αλβ
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ = gξζ ∂x
ξ
∂Xα
∂xζ
∂Xλ
δ
µ
β
(B.8)
k˜ξζµ =
∂F˜ µ
2
∂gξζ
= K˜αλβ
∂xξ
∂Xα
∂xζ
∂Xλ
∂xµ
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
(B.9)
δ
µ
νΓ
η
αξ
=
∂F˜ κ
2
∂Q˜
αξν
η
∂Xµ
∂xκ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ (B.10)
= δ
µ
ν
(
γκτσ
∂Xη
∂xκ
∂xτ
∂Xα
∂xσ
∂Xξ
+
∂Xη
∂xκ
∂2xκ
∂Xα∂Xξ
)
(B.11)
q˜
τσµ
k
=
∂F˜ µ
2
∂γκτσ
= Q˜
αξλ
η
∂Xη
∂xκ
∂xτ
∂Xα
∂xσ
∂Xξ
∂xµ
∂Xλ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
. (B.12)
Finally, the transformation rule for the Hamiltonian follows from the explicit dependence
of the generating function,
H˜ ′0
∣∣∣
X
=
H˜0
∣∣∣
x
+
∂F˜ α
2
∂xα
∣∣∣∣∣∣∣
expl

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣ . (B.13)
Owing to Eq. (A3) of Ref. [1],
∂
∂xα
(
∂xα
∂Xβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1)
≡ 0,
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the divergence of the explicitly x-dependent coefficients of F˜ µ
2
simplifies to
∂F˜ α
2
∂xα
∣∣∣∣∣∣∣
expl
=
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1{(
Π˜∗αφeiΛ−φ∗Π˜αe−iΛ
)
i
∂Λ
∂Xα
+ P˜ηα
[(
aξ +
1
q
∂Λ
∂xξ
)
∂2xξ
∂Xη∂Xα
+
1
q
∂2Λ
∂xξ∂xβ
∂xξ
∂Xη
∂xβ
∂Xα
]
+ K˜αλβgξζ
(
∂2xξ
∂Xα∂Xβ
∂xζ
∂Xλ
+
∂2xζ
∂Xλ∂Xβ
∂xξ
∂Xα
)
+ Q˜
αξβ
η
[
γκτσ
∂
∂Xβ
(
∂Xη
∂xκ
∂xτ
∂Xα
∂xσ
∂Xξ
)
+
∂
∂Xβ
(
∂Xη
∂xκ
∂2xκ
∂Xα∂Xξ
)]}
. (B.14)
All terms depending on the phaseΛ(x) can now be expressed in terms of the system’s fields
according to the canonical transformation rules (B.2) to (B.6). The first line of Eq. (B.14)
yields
(
Π˜∗αφeiΛ−φ∗Π˜αe−iΛ
)
i
∂Λ
∂Xα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
= iq
(
Π˜∗αφeiΛ−φ∗Π˜αe−iΛ
) ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1 (
Aα−aξ ∂x
ξ
∂Xα
)
= iq
(
Π˜∗αAαΦ−Φ∗AαΠ˜α
) ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
− iq (p˜i∗αaαφ−φ∗aαp˜iα) (B.15)
Hence all Λ-dependent terms are eliminated and replaced in a symmetric way by the fields
of the original and the transformed system. The second line of Eq. (B.14) is treated simi-
larly by inserting Eqs. (B.6) and (B.7)
P˜ηβ
[(
aξ +
1
q
∂Λ
∂xξ
)
∂2xξ
∂Xη∂Xβ
+
1
q
∂2Λ
∂xξ∂xα
∂xξ
∂Xη
∂xα
∂Xβ
] ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
=
[
P˜ηβAα
∂Xα
∂xξ
∂2xξ
∂Xη∂Xβ
+ P˜(ηβ)
∂xξ
∂Xη
∂xα
∂Xβ
∂
∂xα
(
Aτ
∂Xτ
∂xξ
−aξ
)] ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
=
1
2
P˜ηβ
(
∂Aη
∂Xβ
+
∂Aβ
∂Xη
) ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
− 1
2
p˜ηβ
(
∂aη
∂xβ
+
∂aβ
∂xη
)
+ P˜ηβAα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1 (∂Xα
∂xξ
∂2xξ
∂Xη∂Xβ
+
∂2Xα
∂xξ∂xτ
∂xξ
∂Xη
∂xτ
∂Xβ
)
︸                                        ︷︷                                        ︸
≡0
. (B.16)
The last line of Eq. (B.16) vanishes by virtue of the identity
∂
∂Xβ
(
∂Xα
∂xξ
∂xξ
∂Xη
)
≡ ∂
∂Xβ
(
δαη
)
≡ 0,
and thus
∂Xα
∂xξ
∂2xξ
∂Xη∂Xβ
≡ − ∂
2Xα
∂xξ∂xτ
∂xξ
∂Xη
∂xτ
∂Xβ
. (B.17)
Hence, the coupling of the term p˜ηβaα to the dynamical spacetime geometry is exactly com-
pensated due to the inhomogeneous transformation rule (B.6), which is the U(1) symmetry
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transformation rule for the gauge field aµ. This is confirmed by setting Λ ≡ 0 in Eq. (B.1)
and in the subsequent transformation rules (B.2) to (B.14)—which amounts to eliminating
the U(1) symmetry transformation. In this case, the connection coefficients pertaining to
the spacetime manifold enter as gauge quantities, which converts the partial derivative of
the gauge field aµ into a covariant derivative and thus renders the action integral generally
covariant.
For the case of a system with additional U(1) symmetry, henceΛ . 0, Eq. (B.14) yields
inserting Eqs. (B.15) and (B.16)
∂F˜ α
2
∂xα
∣∣∣∣∣∣∣
expl
= iq
(
Π˜∗αΦ−Φ∗Π˜α
)
Aα
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
− iq (p˜i∗αφ−φ∗p˜iα)aα
+ 1
2
P˜αβ
(
∂Aα
∂Xβ
+
∂Aβ
∂Xα
) ∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
− 1
2
p˜αβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
+
(
K˜αλβGξλ+ K˜
λαβGλξ
)
Γ
ξ
αβ
∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
−
(
k˜αλβgξλ+ k˜
λαβgλξ
)
γ
ξ
αβ
+ 1
2
Q˜
αξβ
η

∂Γ
η
αξ
∂Xβ
+
∂Γ
η
αβ
∂Xξ
+ΓkαβΓ
η
kξ
−ΓkαξΓηkβ

∣∣∣∣∣ ∂x∂X
∣∣∣∣∣
−1
− 1
2
q˜
αξβ
η

∂γ
η
αξ
∂xβ
+
∂γ
η
αβ
∂xξ
+γkαβγ
η
kξ
−γkαξγηkβ
 . (B.18)
The terms in Eq. (B.14) proportional to K˜αλβ and Q˜
αξβ
η were already discussed in Ref. [1].
We observe that the divergence of the spacetime dependent coefficients of F˜ µ
2
is expressed
symmetrically in the original and the transformed fields. The particular Hamiltonian
H˜3 = H˜0+ iq (p˜i∗αφ−φ∗p˜iα)aα+ 12 p˜αβ
(
∂aα
∂xβ
+
∂aβ
∂xα
)
+
(
k˜αλβgξλ+ k˜
λαβgλξ
)
γ
ξ
αβ
+ 1
2
q˜
αξβ
η

∂γ
η
αξ
∂xβ
+
∂γ
η
αβ
∂xξ
+γκαβγ
η
κξ
−γκαξγηκβ
 (B.19)
is thus converted by Eq. (B.18) according to the general transformation rule (B.13) into
a Hamiltonian H˜ ′
3
of the same form. Combining the initial action integral (1) with the
“gauged” Hamiltonian (B.19), the form-invariant action integral follows as
S =
∫ [
p˜i∗α
(
∂φ
∂xα
− iqaαφ
)
+
(
∂φ∗
∂xα
+ iqφ∗aα
)
p˜iα
+ 1
2
p˜αβ
(
∂aα
∂xβ
− ∂aβ
∂xα
)
+ k˜αλβ
(
∂gαλ
∂xβ
−gξλγξαβ −gαξγ
ξ
λβ
)
+ 1
2
q˜
αξβ
η

∂γ
η
αξ
∂xβ
−
∂γ
η
αβ
∂xξ
−γκαβγηκξ +γκαξγ
η
κβ
−H˜0
]
d4x. (B.20)
As both integrands are world scalar densities, the action integrals are form-invariant under
both the U(1) symmetry group and under the diffeomorphism group. In particular, the par-
tial derivatives of the complex scalar fields are amended according to Eq. (B.19) to yields
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the gauge covariant derivatives and hence implement the minimum coupling principle—
which is not postulated here but emerges from the canonical transformation formalism.
Furthermore, the vector field aµ does not couple directly to the spacetime geometry as the
respective term cancels in Eq. (B.16). The covariant derivative of aµ in the generally covari-
ant action integral (2) is replaced due to the U(1) symmetry by the curl of aµ in Eq. (B.20),
which already has tensor property. The coupling thus occurs only via the related energy-
momentum tensor and not via the connections coefficients. This statement also holds for
the SU(N) symmetry group.
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